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In this paper, we consider the following question: when does a topological group G have
a Hausdorff compactiﬁcation bG with a remainder belonging to a given class of spaces?
We extend the results of A.V. Arhangel’skii by showing that if a remainder of a non-locally
compact topological group G has a countable open point-network or a locally Gδ-diagonal,
then G and the compactiﬁcation bG of G are separable and metrizable.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
An important question in the study of Hausdorff compactiﬁcations is when does a Tychonoff space X have a Hausdorff
compactiﬁcation with the remainder belonging to a given class of spaces? M. Henriksen and J. Isbell [9] showed that
a Tychonoff space X is of countable type if and only if the remainder in any (or in some) Hausdorff compactiﬁcation of X
is Lindelöf. Recall that space X is of countable type if every compact subspace of X is contained in a compact subspace
F ⊂ X that has a countable base of open neighborhoods in X [1]. Recently, Arhangel’skii [3] proved that if a non-locally
compact topological group X with bX a compactiﬁcation of X such that the remainder Y = bX \ X has a Gδ-diagonal or
a point-countable base, then both X and Y are separable metrizable.
We investigate how the generalized metrizability properties of the remainder affect the metrizability of the group. Specif-
ically, we systematically study which property-P is needed to make the following statement true:
Let G be a non-locally compact topological group and Y = bG \ G have property-P , then G and bG are separable and
metrizable.
We are able to improve Arhangel’skii’s theorems in particular by replacing Gδ-diagonal with locally Gδ-diagonal and
point-countable base with countable open point-network.
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850 C. Liu / Topology and its Applications 156 (2009) 849–854Throughout this paper, all spaces are assumed to be Tychonoff space, all maps are continuous and onto. We denote real
and natural numbers by R,N, respectively. We refer the reader to [5,6] for notations and terminology not explicitly given
here.
2. Main results
Our main program will be to consider for a group G , when is G and bG separable and metrizable based on the properties
of the remainder, Y = bG \ G . Often, it only requires a speciﬁc property of Y = bG \ G to insure our desired result, however
sometimes an additional property is required of Y . We consider those cases ﬁrst.
Recall a family U of non-empty open sets of a space X is called a π -base if for any non-empty set V of X , there is
U ∈ U with V ⊂ U . The π -character, πχ(x, X) of x in X is deﬁned by πχ(x, X) = min{|U |: U is a local π-base of x in X}.
The π -character of X , πχ(X) is deﬁned by πχ(X) = sup{πχ(x, X): x ∈ X}.
We now develop a series of lemmas that lead us to our ﬁrst result, Theorem 4.
Lemma 1. ([3, Proposition 4]) Let X be a nowhere locally separable metrizable space, and bX be a compactiﬁcation of X . Let
B =⋃{γn: n ∈ N} be a base of X such that each γn is discrete in X. Denote by Fn the set of all accumulation points for γn in bX, and
put Z =⋃{Fn: n ∈ N}. Then Z is dense in Y = bX \ X, and each Fn is compact.
The following lemma is a modiﬁcation of theorems in [3].
Lemma 2. Let G be a non-locally compact topological group. Then G is locally separable and metrizable if for each y ∈ Y = bG \ G,
there is an open neighborhood U (y) of y such that every countably compact subset of U (y) is metrizable and π -character of Y is
countable.
Proof. The remainder Y is not locally compact, since G is not locally compact. Then Y is not locally countably compact
because for each y ∈ Y = bG \ G , there is an open neighborhood U (y) of y such that every countably compact subset
of U (y) is metrizable. Let y ∈ Y such that there is an open neighborhood U (y) of y that is not countably compact. Fix
a closed discrete (in the space Y ) subset A ⊂ U (y) with |A| = ω. Since bG is compact, there exists c ∈ A \ A, and clearly
c ∈ G . For each a ∈ A, ﬁx a countable π -base ξa = {Un(a): n ∈ N} at a in Y . Find an open subset Vn(a) for each n such that
Vn(a) ∩ Y = Un(a), let η = {Vn(a): a ∈ A, n ∈ N}. G is a non-locally compact topological group, Y are dense in bG . It is
easy to check that η ∩ G = {Vn(a) ∩ G: a ∈ A, n ∈ N} is a countable π -base at c in G . G is a topological group, then G is
metrizable.
Claim. G is locally separable.
Suppose not, G is nowhere locally separable, since G is a topological group. Let B =⋃{Bn: n ∈ N} be a σ -discrete base
of G , denote by Fn the set of all accumulation points for Bn in bG . By Lemma 1, Z =⋃{Fn: n ∈ N} is dense in Y and
σ -compact. Fix n ∈ N, for x ∈ Fn , pick an open neighborhood V (x) with x ∈ V (x) ⊂ ClY (V (x)) ⊂ U (x), there exist ﬁnitely
many V (x)’s covering Fn . Fn ∩ ClY (V (x)) is metrizable since every countably compact subset of U (x) is metrizable. Then Fn
is metrizable and Z is separable, hence Y is separable. Since Y is dense in bG , bG is separable. The Souslin number of G is
countable and G is metrizable, then G is separable. This is a contradiction. 
A Tychonoff space X is a p-space if there exists a sequence (Un) of families of open subsets of βX such that (i) each Un
covers X , (ii) for each x ∈ X , ⋂n st(x,Un) ⊂ X .
Lemma 3. ([2, Theorem 2.1]) If X is a Lindelöf p-space, then any remainder of X is a Lindelöf p-space.
Let Sκ be the quotient space by identifying all limit points of the topological sum of κ many convergent sequences. Sω is
called sequential fan. The Arens’ space S2 = {∞} ∪ {xn: n ∈ N} ∪ {xn(m): m,n ∈ N} is deﬁned as follows: Each xn(m) is iso-
lated; a basic neighborhood of xn is {xn}∪{xn(m): m > k, for some k ∈ N}; a basic neighborhood of ∞ is {∞}∪ (⋃{Vn: n > k
for some k ∈ N}), where Vn is a neighborhood of xn .
Theorem 4. Let G be a non-locally compact topological group, and Y = bG \G is a quotient s-image1 of a metric space. Then G and bG
are separable and metrizable if π -character of Y is countable.
Proof. By Theorem 4.1 in [8], every countably compact subset of Y , which is a quotient s-image of a metric space, is
metrizable. By Lemma 2, G is locally separable and metrizable, then G =⊕α∈A Gα , where Gα is a separable metrizable
1 A map f : X → Y is called an s-map if each f −1(y) is separable for y ∈ Y . It is known that a quotient s-image of a space with a point-countable base
is a quotient s-image of a metric space [8].
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discrete in G , then F ⊂ bG \ G . It is easy to see that F is compact, hence metrizable.
Claim. Y contains no closed copy of Sω , nor closed copy of S2 .
Suppose not, Y contains a closed copy of Sω . Let M = Y \ F . Since F is compact, then F ∩ Sω is compact. Let C =
(M ∩ Sω) ∪ {∞}, then C is a copy of Sω . Since η is locally ﬁnite at each y ∈ M ∩ Sω , then there is a countable subset A1
of A such that C ⊂⋃{Gα: α ∈ A1 ⊂ A}. Let L =⋃{Gα: α ∈ A1 ⊂ A} ∩ Y , then L is a Lindelöf p-space by Lemma 3. L also
is a quotient s-image of a metric space and C ⊂ L. Note that a Lindelöf p-space is a paracompact M-space, by Corollary 3.7
in [8], L is metrizable. Hence C is metrizable, this is a contradiction since Sω is not metrizable. Similarly, Y contains no
closed copy of S2.
Since Y is a quotient s-image of a metric space and contains no closed copy of Sω or S2, by [10, Corollary 10], Y has a
point-countable base, hence G and bG are separable and metrizable [3, Theorem 10]. 
The following result also requires the remainder to have a countable π -character. In the following proof, we use some
techniques of [3].
Theorem 5. Let G be a non-locally compact topological group, and Y = bG \G be locally symmetrizable. Then G and bG are separable
and metrizable if π -character of Y is countable.
Proof. Since every countably compact subset in a symmetrizable space is metrizable [6, Theorem 9.13], by Lemma 2, G is
locally separable and metrizable. By Henriksen and Isbell’s theorem [9], Y is Lindelöf, hence Y is locally hereditarily Lindelöf
by [6, Lemma 9.12].
G =⊕α∈A Gα , where Gα is a separable metrizable subset for each α ∈ A. Let η = {Gα: α ∈ A}, and let F be the
set of all points of bG at which η is not locally ﬁnite. Since η is discrete in X , then F ⊂ bG \ G . It is easy to see that
F is compact, we can ﬁnd ﬁnitely many closed symmetrizable neighborhoods covering F since every closed subset of a
symmetrizable space is symmetrizable, hence F is separable and metrizable, thus F has a countable network. Let M = Y \ F ,
for y ∈ M , there is an open neighborhood O y in bG such that O y ∩ F = ∅. Since η is discrete, O y meets at most ﬁnitely
many Gα . Let L =⋃{Gα: Gα ∩ O y 	= ∅}. Then L is separable metrizable. By Lemma 3, L \ L is a Lindelöf p-space. On the
other hand, L \ L has a countable open point-network. Note that a Lindelöf p-space is a β-space [6, Theorem 7.8(i)] and
a submetacompact β-space with a countable open point-network has a point-countable base [7, Theorem 2.6(b)], L \ L is
separable and metrizable [6, Corollary 7.11(b)]. L has a countable network, hence it is separable and metrizable. Clearly,
O y ⊂ L, O y ∩ M is separable and metrizable. Therefore M is locally separable and metrizable. Fix y ∈ Y , there exists a
hereditarily Lindelöf neighborhood U (y), M ∩ U (y) is separable and metrizable, also F ∩ U (y) is separable and metrizable
since F is separable and metrizable. U (y) has a countable network, so Y has a countable network since Y is Lindelöf, and
hence Y has a Gδ-diagonal. By [3, Theorem 5], G and bG are separable and metrizable. 
Question 6. Can we drop the condition “π -character of Y is countable” in Theorems 4 and 5?
We now turn our attention to spaces with a σ -locally countable k-network. Let P be a cover of a space X , then P is a
k-network for X if whenever K ⊂ U with K compact and U open in X , K ⊂⋃P ′ ⊂ U for some ﬁnite P ′ ⊂ P . We see that
under this condition, no other properties are needed to insure our desired outcome.
Lemma 7. ([4, Theorem 5.1]) Suppose that G is a topological group with a remainder of countable pseudocharacter. Then one of the
following holds:
(1) G is a paracompact p-space.
(2) The remainder bG \ G is ﬁrst countable.
Lemma 8. Let X have a σ -locally countable network. Then each singleton of X is a Gδ-set.
Proof. Let P =⋃n∈N Pn be a σ -locally countable network. Since X is regular, we may assume that each element of P is
closed. Fix x ∈ X , for n ∈ N, let Vn be an open neighborhood of x such that Vn meets at most countably many elements
of Pn , and let {P ∈ Pn: P ∩ Vn 	= ∅, x /∈ P } = {Pn(i): i ∈ N}.
Claim. {x} =⋂n,i∈N(X \ Pn(i)) ∩ Vn.
Let Q =⋂n,i∈N(X \ Pn(i)) ∩ Vn . Obviously, x ∈ Q . Suppose y 	= x and y ∈ Q . Since P is a network, there is a P ∈ Pn for
some n such that y ∈ P ⊂ X \ {x}. Then P = Pn(i) for some i. y /∈ X \ Pn(i), hence y /∈ Q . This is a contradiction. 
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are separable and metrizable.
Proof. By Lemma 8, each singleton of Y is a Gδ-set. By Lemma 7, G is a paracompact p-space or Y is ﬁrst countable.
Case 1. G is a paracompact p-space.
G is of countable type, by Henriksen and Isbell theorem [9], Y is Lindelöf. Then Y has a countable network since every
locally countable family in Lindelöf space is countable. Y has a Gδ-diagonal, hence G and bG are separable and metrizable
by [3, Theorem 5].
Case 2. Y is ﬁrst countable.
By regularity of Y , Y has a σ -locally countable k-network consisting of closed subsets. Since k-space with a point-
countable k-network consisting of closed subsets is a quotient s-image of a metric space [8], then Y is a quotient s-image
of a metric space. The character of Y is countable, then G and bG are separable and metrizable by Theorem 4. 
Remark 10. If we replace the condition “Y has a σ -locally countable k-network” with “each point of Y has an open neigh-
borhood that has a σ -locally countable k-network” in Theorem 9, the conclusions remain true. However, the author does
not know if we can replace “σ -locally countable k-network” with “σ -locally countable network” in Theorem 9.
Next, we consider remainders with a locally Gδ-diagonal and improve Arhangel’skii’s result.
Lemma 11. Let P be a point-ﬁnite open cover of X and each element of P have a Gδ-diagonal. Then X has a Gδ-diagonal.
Proof. Let P = {Uα: α ∈ Γ } be a point-ﬁnite open cover of X . Each Uα has a Gδ-diagonal. For each α, let (Gn(α)) be
a sequence of open decreasing covering of Uα such that {x} =⋂n st(x,Gn(α)) for x ∈ Uα . Let Gn =
⋃{Gn(α): α ∈ Γ } for
each n, (Gn) is a sequence of open coverings of X .
Claim. For x ∈ X, {x} =⋂n st(x,Gn).
Suppose that {x, y} ⊂⋂n st(x,Gn), where x 	= y. For each n, pick Gn ∈ Gn such that {x, y} ⊂ Gn , Gn+1 ⊂ Gn . Since P is
point-ﬁnite, we can ﬁnd an increasing sequence {nk: k ∈ N} ⊂ N such that Gnk ∈ Gn(α) for some α. {x, y} ⊂
⋂
k Gnk = {x}.
This is a contradiction. 
Theorem 12. 2 Let G be a non-locally compact topological group. If Y = bG \G has a locally Gδ-diagonal. Then G and bG are separable
and metrizable.
Proof. Each singleton of Y is a Gδ-set, by Lemma 7, either G is a paracompact p-space or Y is ﬁrst countable.
Case 1. G is a paracompact p-space.
G is of countable type, then Y is Lindelöf by Henriksen and Isbell theorem [9]. Y is paracompact, hence Y has a locally-
ﬁnite open covering in which every element has a Gδ-diagonal. By Lemma 11, Y has a Gδ-diagonal, then G and bG are
separable and metrizable [3].
Case 2. Y is ﬁrst countable.
Since countably compact space with a Gδ-diagonal is metrizable, by Lemma 2, G is metrizable, hence Y is Lindelöf. By
the proof of Case 1, G and bG are separable and metrizable. 
Remark 13. By the above theorem, ω1 is not a remainder of any topological group since ω1 is local countable (hence it has
a locally Gδ-diagonal) and non-metrizable. But ω1 has a base of countable order3 (abbr. BCO), so the following question is
asked naturally.
2 Professor Arhangel’skii kindly informed the author that he also obtained this theorem independently.
3 A space X is said to have a base of countable order if there is a sequence (Bn) of bases for X such that: Whenever x ∈ bn ∈ Bn and (bn) is decreasing
(by set inclusion), then {bn: n ∈ N} is a base at x.
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metrizable.
Corollary 15. Let G be a non-locally compact topological group, and Y = bG \ G is locally semi-stratiﬁable. Then G and bG are
separable and metrizable.
Corollary 16. Let G be a non-locally compact topological group, and Y = bG \ G is locally metrizable. Then G and bG are separable
and metrizable.
A function W : X → P(P(X)) is called a point-network [7] if whenever x ∈ U , U open, there exists an open V = V (x,U )
containing x such that y in V implies x ∈ W ⊂ U for some W ∈ W(y). A countable open point-network is one in which
each W(x) is a countable collection of open sets. Obviously, a space with a point-countable base has a countable open
point-network.
Lemma 17. ([11]) Suppose that X has a countable open point-network. Then X has a point-countable base if d(X)ω1 .
Theorem 18. Let G be a non-locally compact topological group, and Y = bG \ G has a countable open point-network. Then G and bG
are separable and metrizable.
Proof. Since every countably compact subset with a countable open point-network is metrizable [7], by Lemma 2, G =⊕
α∈A Gα , where Gα is a separable metrizable subset for each α ∈ A. Let η = {Gα: α ∈ A}, and let F be the set of all points
of bG at which η is not locally ﬁnite. Since η is discrete in G , then F ⊂ bG \ G . It is easy to see that F is compact, hence
it is separable and metrizable. Let M = Y \ F , by the proof of Theorem 5, M is locally separable and metrizable. Since M is
hereditarily meta-Lindelöf [11], M =⊕β∈B Mβ , where Mβ is separable and metrizable for β ∈ B .
Claim. |B|ω.
Suppose not, there is a subset B1 ⊂ B such that |B1| = ω1. Let K =⋃{Mβ : β ∈ B1}, K is an open subset of Y . Let U be
an open subset of bG such that U ∩ Y = K . Since G is nowhere locally compact, G and Y are dense in bG , let U1 = U ∩ G ,
then U1 = U = K . K ∩ Y has a countable open point-network and d(K ∩ Y )ω1, then K ∩ Y has a point-countable base by
Lemma 17. Note that a space with a point-countable base is of countable type (in fact, every compact subset of a space with
a point-countable base is metrizable, hence separable, therefore, at most countably many elements in point-countable base
meet the compact subset, take all ﬁnite subcovers of the compact subset from the countable elements, that is a countable
base for the compact subset). U1 ∩ G is the remainder of K ∩ Y and K ∩ Y is of countable type, then U1 ∩ G is Lindelöf [9],
hence it is separable and metrizable. On the other hand, K ∩ Y is the remainder of U1 ∩ G , by Lemma 3, K ∩ Y is a Lindelöf
p-space, then it is separable and metrizable since a Lindelöf p-space with a point-countable base is separable and metrizable
[6, Corollary 7.11(b)]. Hence K is separable, this is a contradiction.
Since |B| ω, then M is a separable and metrizable space, it has a countable network. F has a countable network too,
hence Y has a countable network, thus it has a Gδ-diagonal. By Theorem 5 in [3], G and bG are separable and metriz-
able. 
A space (X, τ ) is a γ -space if there exists a function g :ω × X → τ such that (i) {g(n, x): n ∈ ω} is a base at x; (ii) for
each n ∈ ω and x ∈ X , there exists m ∈ ω such that y ∈ g(m, x) implies g(m, y) ⊂ g(n, x). Obviously, a γ -space is ﬁrst
countable.
Theorem 19. Let G be a non-locally compact topological group, and Y = bG \ G be a γ -space. Then G and bG are separable and
metrizable.
Proof. By [6, Corollary 10.8], every countably compact subset of Y is metrizable, then G is locally separable and metrizable
by Lemma 2. Since every compact subset of Y has a countable base [6, Theorem 10.6], Y is of countable type. Since Y is
dense in bG , then G is Lindelöf by Henriksen–Isbell theorem, hence it is a separable metrizable space, it follows that Y is
a Lindelöf p-space. A Lindelöf p-space that is a γ -space is separable and metrizable by [6, Corollary 10.8], Y is separable
and metrizable, hence bG is separable and metrizable by [3, Theorem 5]. 
Since a quasi-metrizable4 space is a γ -space, then we have the following.
4 A function d : X × X → R+ is called a quasi-metric on a set X if for each x, y, z ∈ X , (i) d(x, y) = 0 if and only if x = y; (ii) d(x, z) d(x, y) + d(y, z).
A space X is said to be quasi-metrizable if there is a quasi-metric on X such that {B(x, ε): ε > 0} forms a base at each x ∈ X .
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A space X is quasi-developable [6] if there exists a sequence (Gn) families of subsets of X such that for each x ∈ X ,
{st(x,Gn): n ∈ N} is a base at x.
Lemma 21. Let X be a quasi-developable space and K be a compact subset of X . Then K is a Gδ-set in X.
Proof. Suppose that (Hn) be a quasi-development for X . Deﬁne G1 = H1, and Gn+1 = {H ∩ Gi: for some x ∈ X, x ∈
H ∈ Hn+1 and i maximal, i  n such that x ∈⋃Gi and x ∈ Gi ∈ Gi}. Then it is easy to see that (Gn) satisﬁes the following:
st(x,Gm) ⊂ st(x,Gn) if n <m. Let D = {x ∈ X: x is an isolated point of X}, D1 = D ∩ K and K1 = K \ D1. K1 is compact, there
is n1 ∈ N such that K1 ⊂⋃{P ∈⋃in1 Gi, P ∩ K1 	= ∅}. Let U1 =
⋃{P ∈⋃in1 Gi, P ∩ K1 	= ∅} ∪ D1. For any x ∈ K1, x is not
isolated, {x} 	=⋂in1 st(x,Gi). Pick z ∈
⋂
in1 st(x,Gi), z 	= x, there is j > n1 such that x ∈ st(x,G j) ⊂ X \ {z}. So K1 is cov-
ered by
⋃{G j: j > n1}. Then we ﬁnd n2 such that K1 ⊂⋃{P ∈⋃n1<in2 Gi, P ∩ K1 	= ∅}. Let U2 =
⋃{P ∈⋃n1<in2 Gi,
P ∩ K1 	= ∅} ∪ D1, . . . . By induction, we have a sequence of open subsets {Um: m ∈ N} with K ⊂ Um , ni  i and
Um =⋃{P ∈⋃nm−1<inm Gi, P ∩ K1 	= ∅} ∪ D1.
Claim. K =⋂n∈N Un.
Suppose not, there exists z ∈⋂n∈N Un \ K . Since {st(z,Gn): n ∈ N} is a deceasing local base at z, there is k ∈ N such that
z ∈ st(z,Gn) ⊂ X \ K whenever n  k. On the other hand, z ∈ Uk , then z ∈ P ∈ Gnk and P ∩ K 	= ∅, hence K ∩ st(z,Gnk ) 	= ∅.
This is a contradiction. 
Theorem 22. Let G be a non-locally compact topological group, and Y = bG \ G be quasi-developable. Then G and bG are separable
and metrizable.
Proof. Since every countably compact subset in a quasi-developable space is metrizable [6, Corollary 8.3(ii)], by Lemma 2,
G =⊕α∈A Gα , where Gα is a separable metrizable subset for each α ∈ A. Y is a Lindelöf space [9]. Let η = {Gα: α ∈ A}, and
let F be the set of all points of bG at which η is not locally ﬁnite. In view of the proof of Theorem 4, F ⊂ bG \ G is compact
and metrizable, and M = Y \ F is locally separable and metrizable. By Lemma 21, M is Lindelöf, hence it is separable and
metrizable. Thus, Y has a countable network. By [3, Theorem 5], G and bG are separable and metrizable. 
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